Sublinear Impulse Effects and Solvability of Boundary Value Problems for Differential Equations with Impulses  by Yujun, Dong
Ž .Journal of Mathematical Analysis and Applications 264, 3248 2001
doi:10.1006jmaa.2001.7548, available online at http:www.idealibrary.com on
Sublinear Impulse Effects and Solvability of Boundary
Value Problems for Differential Equations
with Impulses
Dong Yujun
Nankai Institute of Mathematics, Nankai Uniersity, Tianjin 300071, People’s Republic
of China; and Department of Mathematics, Nanjing Normal Uniersity, Nanjing,
Jiangsu 210097, People’s Republic of China
Submitted by V. Lakshmikantham
Received September 13, 2000
1. INTRODUCTION
Impulse differential equations have appeared in many of the applied
 sciences 2 . Recently, development of the theory of impulsive differential
 equations has taken flight 14 . But in order to generalize the results on
differential equations to the impulse case we have to impose some restric-
 tions 57 on the impulsive effects, such as monotonicity and bounded-
ness. In this paper we assume that the impulsive effects are sublinear or
asymptotically linear. Under these assumptions we generalize some basic
results about the Picard BVP of second-order differential equations and
PBVP of first-order differential equations to the impulsive case. In Section
3 we consider the Picard BVP
x  f t , x  h t , x  0, 1.1Ž . Ž . Ž .
 x t  I x t  0 ,  x t  J x t  0 , i 1, 2, . . . , p ,Ž . Ž . Ž . Ž .Ž . Ž .i i i i i i
1.2Ž .
x 0  0 x 1 , 1.3Ž . Ž . Ž .
  1  where f , h: 0, 1  R R are L -Caratheodory functions 8, p. 54 , and´
1Ž .there exists h L 0, 1 such that
ˆh t , x 	 h t for x R , a.e., t 0, 1 , 1.4Ž . Ž . Ž . Ž .
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Ž . Ž . Ž . Ž . Ž . Ž . x t  x t  0  x t  0 ,  x t  x t  0  x t  0 , and I , J :i i i i i i i i
R R are continuous and sublinear; that is,
I x x 0, J x x 0 as x . 1.5Ž . Ž . Ž .i i
1Ž .     Ž .  Let C 0, 1; t  x: 0, 1  R x t is continuous for t  0, 1 
i
 4 p Ž . Ž . Ž . Ž . Ž . Ž .t , x t  0 , x t  0 exist, x t  x t  0 , x t  x t  0 , ii 1 i i i i i i
4   Ž . Ž .1, 2, . . . , p . A function x: 0, 1  R is said to be a solution of 1.1  1.3 if
1Ž . 1Ž . Ž . Ž .x C 0, 1; t , x  L 0, 1 , and 1.1  1.3 are satisfied. For a, bi
1Ž . Ž . Ž . Ž .L 0, 1 , denote a	 b if a t 	 b t for a.e. t 0, 1 , and denote a b if
Ž . Ž . Ž .a	 b and a t  b t on a subset of 0, 1 with positive measure. We shall
prove in Section 3 the following.
THEOREM 1. Assume that
Ž . Ž . Ž .1 f , h: 0, 1  R R are Caratheodory functions that satisfy 1.4 ,´
and
a t 	 f t , x x	 b t 1.6Ž . Ž . Ž . Ž .
Ž .   1Ž .for a.e. t 0, 1 , x R with x  r 0, where a, b L 0, 1 are such that
2 2 Ž .2 2n   a	 b n 1  for some positie integer n.
Ž . Ž . Ž .2 I , J : R R are continuous and satisfy 1.5 i 1, 2, . . . , p .i i
Ž . Ž .Then the problem 1.1  1.3 has at least one solution.
THEOREM 2. Assume that
Ž . Ž . Ž .1 f , h: 0, 1  R R are Caratheodory functions that satisfy 1.4 ,´
and
f t , x x	 b t 1.7Ž . Ž . Ž .
Ž .   1Ž .for a.e. t 0, 1 , x R with x  r 0, where b L 0, 1 is such that
b  2.
Ž .2 I , J : R R are continuous, and I is sublinear and J is boundedi i i i
Ž .i 1, 2, . . . , p .
Ž . Ž .Then the problem 1.1  1.3 has at least one solution.
In Section 4 we consider first-order equations such as
x f t , x  h t , x  0, 1.8Ž . Ž . Ž .
 x t  I x t  0 , i 1, 2, . . . , p , 1.9Ž . Ž . Ž .Ž .i i i
x 0  x 1  0, 1.10Ž . Ž . Ž .
 where f , h: 0, 1  R R are Caratheodory functions and I : R R are´ i
Ž .     Ž .continuous and sublinear. Denote C 0, 1; t  x: 0, 1  R x t is con-i
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   4 p Ž . Ž . Ž . Ž .tinuous for t 0, 1 
 t , x t  0 , x t  0 exist, and x t  x t  0 ,i 1 i i i i
4  i 1, 2, . . . , p . A function x: 0, 1  R is said to be a solution of
Ž . Ž . Ž . 1Ž . Ž . Ž .1.8  1.10 if x C 0, 1; t , x L 0, 1 , and 1.8  1.10 are satisfied.i
We shall prove in Section 4 the following.
THEOREM 3. Assume that
Ž . Ž . Ž .1 f , h: 0, 1  R R are Caratheodory functions that satisfy 1.4 ,´
and
f t , x x A 0 1.11Ž . Ž .
Ž .  for a.e. t 0, 1 , x R with x  r 0, where A is a constant.
Ž . Ž . Ž .2 I : R R are continuous and satisfy 1.5 i 1, 2, . . . , p .i
Ž . Ž .Then the problem 1.8  1.10 has at least one solution.
The theorems will be shown by the LeraySchauder principle after the
preparation that will be given in Section 2. In Section 5 we shall give some
more generalized forms of Theorems 1 and 2 based upon the generalized
Ž Ž . .  resonant points H p, 0, 1 ,  ,  as defined in 10 . Comparing ourn
   theorems with 9 , one will find that the main result of 9 is a special case
 of Theorem 3. Concretely, in 9, Theorem 3.3 the author assumed that f
is also sublinear, which is not necessary in Theorem 3.
In the last section, Section 6, we consider asymptotically linear impulsive
effects, which contain the sublinear case as a special one, and give Habets
and Matzen’s type of existence results by making use of nonresonant
conditions.
2. PRELIMINARY RESULTS
In the proof of our results we will use some notations and lemmas. Let
    Ž .   Ž .  Ž .t  0, t  1. Denote x  sup x t  x t : t t , t , i10 p1 i1 i
4 1Ž .     Ž .  Ž .1, 2, . . . , p 1 for every x C 0, 1; t , x  sup x t : t t , t ,i i1 i
4 Ž .   Ž 1Ž Ž ..2 .12i 1, 2, . . . , p 1 for every x C 0, 1; t , and x  H x t 1i 0
  1Ž .  Ž . 2Ž .4x for every xH 0, 1; t  x C 0, 1; t : x L 0, 1 ; then thei i
1Ž . Ž . 1Ž .spaces C 0, 1; t , C 0, 1; t and H 0, 1; t are Banach spaces.i i i
LEMMA 1. Let X be a Banach space, H, T : X X be compact maps, H
be linear, and H I be one to one. Suppose that 	 is an open bounded
Ž .Ž .subset of X such that 0 IH 	 ; then T has a fixed point in 	 if for
Ž .eery 
 0, 1 , the equation
x 
Tx 1 
 Hx 2.1Ž . Ž .
has no solutions on the boundary 	 of 	.
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 Proof. Refer to 8, Theorem IV.5
Remark. If H 0, all assumptions on H are satisfied.
 2 24LEMMA 2. Let c n  be a gien constant. Then the problemi1
Ž . Ž .1.1  1.3 has at least one solution if the solutions of the following auxiliary
 problem are a priori bounded with respect to the norm  of the Banach1
1Ž .space C 0, 1; t ,i
x  1 
 cx 
 f t , x  h t , x  0, 2.2Ž . Ž . Ž . Ž .
 x t  
I x t  0 ,  x t  
 J x t  0 , i 1, 2, . . . , p ,Ž . Ž . Ž . Ž .Ž . Ž .i i i i i i
2.3Ž .
x 0  0 x 1 , 2.4Ž . Ž . Ž .
Ž .where 
 0, 1 .
1Ž .Proof. For every c C 0, 1; t leti
1
Hx t  G s, t cx s ds,Ž . Ž . Ž . Ž .H
0
1
Tx t  G s, t f s, x s  h s, x s ds Ax t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H
0
where
p
t
Ax t  I x t  t I x t  J x tŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ý Ý ÝHi i i i i i
0tt i1 sti i
1
 t J x t ds,Ž .Ž .ÝH i i
0 sti
G s, t  s t 1 , 0	 s t	 1,Ž . Ž .
 s 1 t , 0	 t s	 1.Ž .
Ž . Ž . Ž . Ž . Ž .It is easily seen that 2.2  2.4 are equivalent to 2.1 and that 1.1  1.3
Žare equivalent to x Tx. By the assumptions there exists C 0 not
.dependent on x and 
 such that
 x  C1

Ž .if x is a solution of 2.1 . From the AscoliArzela Theorem it follows that

1Ž . Ž .  Ž .   4H 	 and T 	 are compact if 	 x C 0, 1; t : x  C . More-1i
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over, H is linear and IH is one to one. All the assumptions of Lemma
1 are satisfied, and the proof is complete.
Ž . Ž .LEMMA 3. Let c 0 be a constant. Then the problem 1.8  1.10 has at
least one solution if the solutions of the following auxiliary problem are a priori
  Ž .bounded with respect to the norm  of the Banach space C 0, 1; t ,i
x 1 
 cx 
 f t , x  h t , x  0, 2.5Ž . Ž . Ž . Ž .
 x t  
I x t  0 , i 1, 2, . . . , p , 2.6Ž . Ž . Ž .Ž .i i i
x 0  x 1  0, 2.7Ž . Ž . Ž .
Ž .for eery 
 0, 1 .
Ž .Proof. For every x C 0, 1; t leti
p
1c ct ct ct cti iTx t  e  1 e e I x t  e e I x tŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ý Ýi i i i
i1 tti
tc t c s e e f s, x s  h s, x s  cx s dsŽ . Ž . Ž .Ž . Ž .H
0
11c ct e  1 e f s, x s  h s, x s  cs s ds.Ž . Ž . Ž . Ž .Ž . Ž .H
0
Ž . Ž . Ž . Ž .Then 2.2  2.4 are equivalent to x 
Tx, and 1.8  1.10 are equivalent
Ž . Ž .to x Tx. It is easily seen that T : C 0, 1; t  C 0, 1; t is compact. As ini i
the proof of Lemma 3, all the assumptions of Lemma 1 are satisfied, and
the proof is complete.
Ž .LEMMA 4 Poincare Inequality . Let t , t be fixed with t  t ;´ 1 2 1 2
1Ž .     2Ž . Ž . Ž . Ž .H t , t  x: t , t  R x L t , t , x t  0 x t ; and x t be0 1 2 1 2 1 2 1 2
 4 1Ž .continuous for t t , t . We hae for eery xH t , t that1 2 0 1 2
2t t22 2 2x t dx x t dt .Ž . Ž .Ž .H Hž /t  tt t2 11 1
3. PROOFS OF THEOREMS 1 AND 2
Proof of Theorem 1. By Lemma 2 we only need to show that the
Ž . Ž .solutions of the auxiliary problems 2.2  2.4 with c a are a priori
  1Ž .bounded with respect to the norm of  of C 0, 1; t .1 i
 4 1Ž .    4To the contrary, suppose that x  C 0, 1; t with x , 
1n i n n
Ž . Ž . Ž . 0, 1 such that x is a solution of 2.2  2.4 with 
 
 and c a.n n
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Denote
 y t  x t  x ,Ž . Ž . 1n n n
  t  f t , x t x t if x t  r ,Ž . Ž . Ž . Ž .Ž .n n n n
 a t , others,Ž .
h t  
 f t , x t   t x t  h t , x t ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .n n n n n n
      J x t  x ,   I x t  x .Ž . Ž .Ž . Ž .1 1n , i i n n n , i i n i n
Ž . Ž .From 1.4 and 1.5 we have
  0,   0, as n  i 1, 2, . . . , p , 3.1Ž . Ž .n , i n , i
a	  	 b , 3.2Ž .n
1Ž .and there exists m L 0, 1 such that
h t 	m t , a.e. t 0, 1 , n 1, 2, . . . . 3.3Ž . Ž . Ž . Ž .n
Ž .Moreover, y t satisfiesn
1	  y  1 
 a 
  t y t  x h t  0 3.4Ž . Ž . Ž . Ž . Ž .1n n n n n n n
 y t   ,  y t   , i 1, 2, . . . , p , 3.5Ž . Ž . Ž .n i n , i n i n , i
y 0  y 1  0. 3.6Ž . Ž . Ž .n n
Ž . 1Ž . Ž .From 3.2 there exists q L 0, 1 such that 1 
 a 
  convergesn n n
weakly to q by going to subsequences if necessary and
a	 q	 b.
Ž . Ž .   	 1Ž .From 3.3 , 3.4 , and y  1, we have that y is bounded in L 0, 1 . By1n n
1Ž .the AscolaArzela Theorem, y  y in C 0, 1; t for some y n 0 i 0
1Ž . Ž .C 0, 1; t by going to subsequences if necessary. By 3.4 again we havei
y	 t  q t y t  0, a.e. t 0, 1 ,Ž . Ž . Ž . Ž .0 0
Ž . Ž .and noticing 3.5 , 3.6 we have
 y t  0  y t , i 1, 2, . . . , p ,Ž . Ž .0 i 0 i
y 0  y 1  0.Ž . Ž .0 0
1Ž .Therefore, y  C 0, 1 and y is a solution of0 0
y  q t y 0, a.e. t 0, 1 ,Ž . Ž .
y 0  y 1  0.Ž . Ž .0 0
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2 2 Ž .2 2 Ž .But y  0; this is a contradiction to n   q n 1  from 3.70
Ž .and the assumption 2 . The proof is complete.
Proof of Theorem 2. By Lemma 2 we only need to show that the
Ž . Ž .solutions of the auxiliary problems 2.2  2.4 with c replaced by b are a
  1Ž .priori bounded with respect to the norm of  of H 0, 1; t .1 i
 4 1Ž .    4To the contrary, suppose that x H 0, 1; t with x , 
1n i n n
Ž . 0, 1 such that
	x  1 
 bx t  
 f t , x t  h t , x t  0,Ž . Ž . Ž . Ž .Ž . Ž .n n n n n n
 x t  
 I x t  0 ,  x t  
 J x t  0 ,Ž . Ž . Ž . Ž .Ž . Ž .n i n i n i n i n i n i
i 1, 2, . . . , p ,
x 0  0 x 1 .Ž . Ž .n n
Ž . Ž .  Denote y t  x t  x ; as in the proof of Theorem 1 we have1n n n
	  1y   t y t  x h t  0Ž . Ž . Ž .1n n n n n
 y t   ,  y t   , i 1, 2, . . . , p ,Ž . Ž .n i n , i n i n , i
y 0  y 1  0,Ž . Ž .n n
Ž . Ž . Ž .where h t ,  ,  satisfy 3.1 and 3.3 andn n, i n, i
 	 b , n 1, 2, . . . .n
  1Ž .Since y  1, we have that y is bounded in H 0, 1; t and hence1n n i
2Ž . Ž .y pi169 y in L 0, 1 and y  y in C 0, 1; t by going to subsequences ifn 0 n 0 i
Ž . Ž . Ž . Ž .necessary. Noting that 3.1 we have y t  0  y t   y t  0.0 i 0 i 0 i
  Ž . Ž .That is, y is continuous on 0, 1 and y  0. From y 0  y 1  0,0 0 0 0
    Ž . Ž . Ž .there exists l , l  0, 1 such that y t  0 for t l , l and y l 1 2 1 2 0 1
Ž .y l  0. Then we have0 2
l 2 1	  y t   t y t  h t x y t dt 0,Ž . Ž . Ž . Ž . Ž .H 1n n n n n 
l 1
where  0 is small and
t l  Ž .1
y t  y l  l  l , t l   , l   .Ž . Ž . Ž . 0 2 1 1 1 2ž /l  l  22 1
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It follows that
l  l 2 2   t y t y t dt y t y t dtŽ . Ž . Ž . Ž . Ž .H Hn n  n 
l  l 1 1
  y t  o 1 , n ,Ž . Ž .Ý n , i  i
l t l 1 i 2
Ž .   2Ž .for  0 fixed and small. Since y  y in C 0, 1 , y pi169 y in L 0, 1 ,n 0 n 0
Ž .and  	 b n 1, 2, . . . , letting n  we haven
l  l 2 2  b y t y t dt y t y t dt .Ž . Ž . Ž . Ž .H H0  0 
l  l 1 1
 0 gives
l l2 22 2b y t dt y t dt ,Ž . Ž .H H0 0
l l1 1
a contradiction to Lemma 4. The proof is complete.
4. PROOF OF THEOREM 3
Proof of Theorem 3. By Lemma 3 we only need to show that the
Ž . Ž .solutions of the problems 2.5  2.7 with c replaced with A are a priori
  Ž .bounded with respect to the norm of  of C 0, 1; t .i
 4 Ž .    4To the contrary, suppose that x  C 0, 1; t with x , 
 n i n n
Ž .0, 1 are such that
x  1 
 cx t  
 f t , x t  h t , x t  0,Ž . Ž . Ž . Ž .Ž . Ž .n n n n n n
 x t  
 I x t  0 , i 1, 2, . . . , p ,Ž . Ž .Ž .n i n i n i
x 0  x 1  0.Ž . Ž .n n
Denote
 y t  x t  xŽ . Ž .n n n
 t  f t , x t , as x t  rŽ . Ž . Ž .Ž .n n n
 A , as x t  r .Ž .n
h t  
 h t , x t  f t , x t   t x tŽ . Ž . Ž . Ž . Ž .Ž . Ž .n n n n n n
a t  1 
 A  t 
 ,Ž . Ž . Ž .n n n n
   
 I x t  x ,Ž .Ž .n , i n n n i n
 1b t  x h t ,Ž . Ž .1n n n
DONG YUJUN40
then
y t  a t y t  b t 4.1Ž . Ž . Ž . Ž . Ž .n n n n
 y t   , i 1, 2, . . . , p , 4.2Ž . Ž .n i n , i
y 0  y 1  0, 4.3Ž . Ž . Ž .n n
where
1 a t  A 0, b t 	 x m t 4.4Ž . Ž . Ž . Ž .1n n n
Ž . 1Ž .for a.e. t 0, 1 and some m L 0, 1 .
Ž .In what follows we shall show that y  0 in C 0, 1; t and finish then i
proof. This will be done in two lemmas.
LEMMA 5. For eery natural number n the problem
y a t y b t ,Ž . Ž .n n
y 0  y 1Ž . Ž .
   has a unique solution y  C 0, 1 , and y  0 in C 0, 1 , where a , b aren n n n
Ž .the functions in 4.1 .
Proof. By simple calculation we have
exp H1 a sŽ .Ž . 1 tt n
y t  b t exp  a s ds dtŽ . Ž . Ž .H Hn n n1 ž /exp H a s ds  1Ž .Ž . 0 00 n
st 1
 exp a s ds exp  a s ds h s ds.Ž . Ž . Ž .H H Hn n 1 1 nž / ž /0 t 0
Ž .From 4.4 we have that
1 11 1 1A    y t 	 1 e b s ds x  b s ds x ,Ž . Ž . Ž . Ž .H Hn n n n n
0 t
 and hence y  0 in C 0, 1 .n
Ž . Ž . Ž .LEMMA 6. Let a t ,  be as in 4.1 and 4.2 . Then for eery naturaln n, i
number n the problem
y a t y ,Ž .n
 y t   , i 1, 2, . . . , p ,Ž .i n , i
y 0  y 1Ž . Ž .
Ž .has a unique solution y satisfying y  0 in C 0, 1; t .n n i
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Proof. By simple calculation we obtain that
1 pexp H a sŽ .Ž . tt n iy t   exp  a s dsŽ . Ž .Ý Hn n , i n1 ž /exp H a s ds  1Ž .Ž . 00 n i1
ti  exp a s ds .Ž .Ý Hn , i nž /ttti
Therefore,
p
1A    y t 	 1 e    ,Ž . Ž . Ý Ýn n , i n , i
i1 tti
Ž .and hence y  0 in C 0, 1; t .n i
Ž .Remarks. 1. In Theorem 3, if condition 1.11 is replaced with
 f t , x x	A 0, a.e. t 0, 1 , x  r ,Ž . Ž .
the conclusion is also valid.
  Ž . Ž .2. Nieto 9 assumed that f t, x  
 x f t, x , 
 0 is a constant,1
and
   f t , x 	 a t  x for t 0, 1 , x R ,Ž . Ž .1 1
  Ž .where  0, 1 . This is a special case of 1.11 . Therefore, Theorem 3
 generalizes 9, Theorem 3.3 .
5. GENERALIZED RESONANT POINT AND EXISTENCE
OF SOLUTION
Consider the problem
p t x  g t , x  h t , x  0, 5.1Ž . Ž . Ž . Ž .Ž .
 x t  I x t  0 ,  x t  J x t  0 , i 1, 2, . . . , p ,Ž . Ž . Ž . Ž .Ž . Ž .i i i i i i
5.2Ž .
x 0 cos  p 0 x 0 sin  0, 5.3Ž . Ž . Ž . Ž .
x 1 cos  p 1 x 1 sin  0, 5.4Ž . Ž . Ž . Ž .
  Ž .  where p: 0, 1  0,  is continuous, f , h: 0, 1  R R are
Caratheodory functions, and  ,  R with 0	   , 0 	  . Re-´
Ž Ž . .   1Ž .call that qH p, 0, 1 ,  ,  10 if q L 0, 1 , and the problem ofn
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Ž . Ž .5.3 , 5.4 , and
p t x  q t x 0 5.5Ž . Ž . Ž .Ž .
1Ž . Ž .has a nontrivial solution x x  C 0, 1 with exactly n zeros on 0, 1 .n
Ž Ž . .If q  q q and q H p, 0, 1 ,  ,  , i n, n 1, then the prob-n n1 i i
Ž . Ž .lem 5.3  5.5 has no nontrivial solutions. Moreover, for q 0
Ž Ž . .H p, 0, 1 ,  ,  we have the generalized Poincare inequality´0
1 12 2p t x t dt q t x t dtŽ . Ž . Ž . Ž .H H 0
0 0
1Ž . Ž . Ž .for every xH 0, 1 satisfying 5.3 and 5.4 . Therefore, similarly to
Theorems 1 and 2, we have
THEOREM 4. Assume that
Ž . Ž . Ž .1 h satisfies 1.4 and f satisfies 1.6 with q  a	 b q forn n1
Ž Ž . .some q H p, 0, 1 ,  ,  , i n, n 1.i i
Ž . Ž .2 I , J : R R are continuous and sublinear i 1, 2, . . . , p .i i
Ž . Ž .Then the problem 4.1  4.4 has at least one solution.
Remark. As I  J  0, i 1, 2, . . . , p, this theorem reduces to 10,i i
Theorem 1 , and as p 1,  0, and   , it reduces to Theorem 1.
THEOREM 5. Assume that
Ž . Ž . Ž .1 h satisfies 1.4 and f satisfies 1.7 with c q for some q 0 0
Ž Ž . .H p, 0, 1 ,  ,  .0
Ž .2 I , J : R R are continuous, I is sublinear, and J is boundedi i i i
Ž .i 1, 2, . . . , p .
Ž . Ž .Then the problem 4.1  4.4 has at least one solution.
Remark. Theorem 2 is a special case of this result for p 1,  0,
  .
6. ASYMPTOTICALLY LINEAR IMPULSIVE EFFECTS
Ž . Ž .In this section we still consider the problem 5.1  5.5 . But this time we
assume that I , J are asymptotically linear,i i
a 	 I x 	 b , c 	 J y y	 d , i 1, 2, . . . , p , 6.1Ž . Ž . Ž .i i i i i i
   for x  r 0, y  r 0, x, y R. It is well known that in 1989 Habets
and Metzen gave a famous solvable condition, the so-called ‘‘non-resonant
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 conditions,’’ on PBVPs of Duffing equations 12 . With the help of these
ideas we have the following
THEOREM 6. Assume that
Ž . Ž . Ž .1 h satisfies 1.4 and f satisfies 1.6 .
Ž . Ž .2 I , J : R R are continuous and satisfy 6.1 .i i
Ž . 1Ž .    3 For eery q L 0, 1 ,   a , b ,   c , d with a	 q	 b,i i i i i i
the problem
p t x  q t x 0,Ž . Ž .Ž .
 x t   x t  0 ,  x t   x t  0 , i 1, 2, . . . , p ,Ž . Ž . Ž . Ž .i i i i i i
x 0 cos  p 0 x 0 sin  0,Ž . Ž . Ž .
x 1 cos  p 1 x 1 sin  0Ž . Ž . Ž .
has no nontriial solutions.
Ž . Ž .Then the problem 5.1  5.4 has at least one solution.
Proof. Similarly to Lemma 1, we only need to show that the solutions
of the following auxiliary problem are a priori bounded with respect to the
  1Ž .norm  of the Banach space C 0, 1; t ,1 i
x  1 
 a t x 
 f t , x  h t , x  0, 6.2Ž . Ž . Ž . Ž . Ž .
 x t  1 
 a x t  0  
I x t  0 ,Ž . Ž . Ž . Ž .Ž .i i i i i
 x t  1 
 c x t  0  
 J x t  0 , i 1, 2, . . . , p , 6.3Ž . Ž . Ž . Ž . Ž .Ž .i i i i i i
x 0 cos  p 0 x 0 sin  0, 6.4Ž . Ž . Ž . Ž .
x 1 cos  p 1 x 1 sin  0, 6.5Ž . Ž . Ž . Ž .
Ž .where 
 0, 1 .
The left part follows from the ideas in the proof of Theorem 1, and we
 4 1Ž .will only sketch it. To the contrary, suppose that x  C 0, 1; t withn i
   4 Ž . Ž . Ž .x , 
  0, 1 such that x is a solution of 6.2  6.5 with1n n n

 
 .n
Denote
 y t  x t  x ,Ž . Ž . 1n n n
 f t , x t x t if x t  r ,Ž . Ž . Ž .Ž .n n n
 t Ž .n ½ a t , otherwise,Ž .
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h t  
 f t , x t   t x t  h t , x tŽ . Ž . Ž . Ž . Ž .Ž . Ž .n n n n n n
q t  1 
 a t  
  t ,Ž . Ž . Ž . Ž .n n n n
  J x t x t , as x t  r ,Ž . Ž . Ž .Ž .i n i n i n i
  ,n , i ½ c , as x t  rŽ .i n i
I x t x t , as x t  r ,Ž . Ž . Ž .Ž .i n i n i n i
 n , i ½ a , as x t  r .Ž .i n i
Then we have that
   ,    , q  q as n ,n , i i , 0 n , i i , 0 n 0
   a	 q 	 b ,   a , b ,   c , d i 1, 2, . . . , p , 6.6Ž . Ž .0 i , 0 i i i , 0 i i
1Ž .and there exists m L 0, 1 such that
h t 	m t , a.e. t 0, 1 , n 1, 2, 3, . . . .Ž . Ž . Ž .n
Ž . Ž .Moreover, from 6.2  6.5 we have that
  1p t y  q t y t  x h t  0,Ž . Ž . Ž . Ž .Ž . 1n n n n n
 y t   y t  0 ,  y t   y t  0 , i 1, 2, . . . , p ,Ž . Ž . Ž . Ž .n i n , i n i n i n , i n i
y 0 cos  p 0 y 0 sin  0,Ž . Ž . Ž .n n
y 1 cos  p 1 y 1 sin  0.Ž . Ž . Ž .n n
 Taking the limit we have that y  0 and10
p t y t  q t y t  0,Ž . Ž . Ž . Ž .Ž .0 0 0
 y t   y t  0 ,  y t   y t  0 , i 1, 2, . . . , p ,Ž . Ž . Ž . Ž .0 i 0, i 0 i 0 i 0, i 0 i
y 0 cos  p 0 y 0 sin  0,Ž . Ž . Ž .0 0
y 1 cos  p 1 y 1 sin  0.Ž . Ž . Ž .0 0
Ž . Ž .This is a contradiction to 6.6 and Assumption 3 . The proof is complete.
Ž .PROPOSITION. Assume that a, b, a , b , c , d  0, with a	 b, ai i i i i
	 b , c 	 d ; n , i 1, 2, . . . , p 1, are nonnegatie integers with n 	 n .i i i i i i1
Moreoer, assume that

n   b t  t    a t  t    n  ,Ž . Ž .i i i1 i i i1 i i2
i 1, 2, . . . , p 1, 6.7Ž .
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where   0  and0 0
bi
  n  arctan tan b t  t   ,Ž .Ž .i1 i i i1 iž /ci
ai
  n  arctan tan a t  t   , i 1, 2, . . . , p.Ž .Ž .i1 i i i1 iž /di
6.8Ž .
Then the problem
x  q t x 0, 6.9Ž . Ž .
 x t   x t  0 ,  x t   x t  0 ,Ž . Ž . Ž . Ž .i i i i i i
i 1, 2, . . . , p , 6.10Ž .
x 0  0 x 1 1.3Ž . Ž . Ž .
 has no nontriial solutions proided that a	 q	 b,   1 a , b ,   1i i i i
  c , d .i i
Ž . Ž . Ž .Proof. Let x x t be the unique solution of 6.9 , 6.10 , and
x 0  0, x 0  1, 6.11Ž . Ž . Ž .
Ž .     2We only need to show that x 1  0 if   a , b ,   c , d , a 	 q	i i i i i i
2 Ž . Ž . Ž . Ž . Ž . Ž .b . Let x t  r t sin  t , x t  r t cos  ; then  t satisfies
 t  cos2  q t sin2  , 6.12Ž . Ž . Ž .
  1i
 t  0  arctan tan  t  0   t  0   ,Ž . Ž . Ž .i i iž /  1i
i 1, 2, . . . , p , 6.13Ž .
 0  0, 6.14Ž . Ž .
 where for every x R we denote by x the largest integer not larger than
Ž . Ž . Ž .x. To show that x 1  0 we only need to show that  1 mod   0,
and in our case we will show that

 1  n  , n  . 6.15Ž . Ž .p1 p1ž /2
Since a2 	 q	 b2, we have
2 2 2   t  cos  a sin  for t 0, 1Ž .
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and
dŽ . t1  t  t  t .H 1 0 12 2 2cos  a sin Ž . 0
Simple computations give
n  d 11
 n  .H 12 2 2 acos  a sin 0
Ž . Ž .Combining 6.14 , 6.7 we have at  n  and1 1
 t  n  .Ž .1 1
Ž .A similar procedure gives  t  n  and1 1 2

 t  0  n  , n  .Ž .1 1 1ž /2
Noting that t  1, by mathematical induction we only need to showp1
that

 t  0  n  , n  . 6.16Ž . Ž .2 2 2ž /2
Ž . Ž . Ž .Write the solution of 6.12  6.14 by   q, t . As in the above we have
that

2 2 q , t  0   a , t  0 ,  b , t  0  n  , n Ž . Ž . Ž .1 1 1 1 1ž /2
and

2 2 q , t  0   a , t  0 ,  b , t  0  n  , n  .Ž . Ž . Ž .1 1 1 1 1ž /2
Moreover, we have
2 2 q , t  0   a , t  0 ,  b , t  0 .Ž . Ž . Ž .2 2 2
In what follows we will prove that

2 2 
, t  0  n  , n  for 
 a , b ,Ž .2 2 2ž /2
Ž .and finish the proof of 6.16 . We only need to prove that

2 a , t  0  n  , n  .Ž .2 2 2ž /2
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2 Ž . Ž .When q a the solution of 6.9  6.11 is
1
sin at , t 0, t ,Ž .1 ax t  ,Ž . c sin a t t   , t t , tŽ . Ž .Ž .1 1 1 1 2
where c is a constant and1
  11
  n  arctan tan at .1 1 1ž /  11
Ž . Ž .By 6.8 , 6.7 we have
    , 1 2 2
and

a t  t    n  , n  .Ž .2 1 1 2 2ž /2
Therefore,
x t  0 1Ž .22tan  a , t  0   tan a t  t    0Ž .Ž .Ž .2 2 1 1x t  0 aŽ .2
and

2 a , t  0 mod   0, .Ž .Ž .2 ž /2
Ž .It follows that in order to prove 6.16 we only need to show that

2 a , t  0  n  , n   . 6.17Ž .Ž .2 2 2ž /2
Ž .From 6.12 we have
 a2 , t  cos2  a2 , t  a2 sin2  a2 , t , t t , t ,Ž . Ž . Ž . Ž .1 2
and
d2Ž . a , t 02  t  t .H 2 12 2 22 cos  a sin Ž . a , t 01
Ž 2 .Since  a , t  0  n  , we have that1 1

n  d 1 12 2t  t 	  n  n  H2 1 2 12 2 2 ž /a 2cos  a sin n 1
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and

a t  t  n  	 n  ,Ž .2 1 1 22
Ž . Ž .a contradiction to 6.7 and 6.8 . Hence,

2 a , t  0  n Ž .2 2 2
and in a similar way we have
 a2 , t  0  n   .Ž .2 2
Ž .Therefore, 6.17 is satisfied and the proof is complete.
Remark. With the help of Theorem 6 this proposition can be converted
Ž . Ž .into an existence result for the problem 1.1  1.3 .
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